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On the partial differential equations of mathematical physics.
By

E. T. WHITTAKER in Cambridge.

§1.
Introduction.

The object of this paper is the solution of Laplace’s potential equation

VLRV LV,
ax> ayz dz2
and of the general differential equation of wave-motions
PV PV PV 28V
ax> ayz dz2 at?
and of other equations derived from these.

In § 2, the general solution of the potential equation is found.

In § 3, a number of results are deduced from this, chiefly relating to
particular solutions of the equation, and expansions of the general solution in
terms of them.

In § 4, the general solution of the differential equation of wave-motions is
given.

In § 5, a number of deductions from this general solution is given,
including a theorem to the effect that any solution of this equation can be
compounded from simple uniform plane waves, and an undulatory
explanation of the propagation of gravitation.

§ 2.

The general solution of the potential equation.

We shall first consider the equation

which was originally given by Laplace™).

*) Mémoire sur la theorie de 'anneau de Saturne, 1787.
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This equation is satisfied by the potential of any distribution of matter
which attracts according to the Newtonian Law. We shall first obtain a
general form for potential-functions, and then shall shew that this form
constitutes the general solution of Laplace’s equation. From the identity

2w
1 1 du
Vi(x-a)+(y-b)+(z—)? 2w o (z—c)+i(x-a)cosu+i(y—b)sinu ’

we see that the potential at any point (x,y,z) of a particle of mass m,
situated at the point (a,b ,c), is
2w
m du
2 0 (z +ix cosu+iy sinu)—(c +ia cosu +ib sinu)

which, considered as a function of x,y,z, is an expression of the type
2w

ff (z +ix cosu+iy sinu ,u)du,
0

where f denotes some function of the two arguments
z+ix cosu+iy sinu and u.

It follows that the potential of any number of particles mm,...,m;

b

situated at the points (a(bcq),(asb,c,),(asbscs), * - - ,apbicy), is an
expression of the type
2w

f{f1(z +ix cosu +iy sinu ,u )+ f ,(z +ix cosu +iy sinu ,u)

0
+ fi (z +ix cosu +iy sinu ,u ) }du

or
27

ff(z+ix cosu +iy sinu,u)du,
0

where fis a new function of the two arguments
z tixcosu +iysinu and u.

In this way we see that the potential of any distribution of matter which
attracts according to the Newtonian Law can be represented by an expression
of the type

2w

ff (z +ix cosu+iy sinu ,u )du.
0
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The question now naturally suggests itself, whether the most general
solution of Laplace’s equation can be represented by an expression of this
type. We shall shew that the answer to this is in the affirmative.

For let V(x,y,z) be any solution (single-valued or many-valued) of the
equation

2 2 2
oV IV IV

ax> ayz dz2
Let (xg y¢,20) be some point at which some branch of the function V (x,y,z)
is regular. Then if we write

0,

x=xg+tX, y=ygt+tY, z=2z4+Z2

it follows that for all points situated within a finite domain surrounding the
point (xq yg z), this branch of the function V(x,y,z) can be expanded in
an absolutely and uniformly convergent series of the form

V=ag+taX +b{Y +c1Z +a,X2+b,Y?+c,Z%+d,YZ

+e,ZX + [ XY +as X3+ - - -

Substituting this expansion in Laplace’s equation, which can be written

2 2 2

J I; 4 vV 4 oV 0,
x>  aY?  9z?

and equating to zero the coefficients of the various powers of X,Y, and Z,

we may obtain an infinite number of linear relations, namely

a2+b2+02 = O, etc.
between the constants in the expansion.
There are %n (n-1) of these relations between the %(n +1)(n +2)

coefficients of the terms of any degree n in the expansion of V; so that only

%(n +1)(n +2)—%n (n-1) { or (2n +1) of the coefficients of terms of degree n

in the expansion of V are really independent. It follows that the terms of

degree n in V must be a linear combination of (2n +1) linearly independent

particular solutions of Laplace’s equation, which are of degree n in X,Y ,Z.
To find these solutions, consider the expansion of the quantity

(Z+iX cosu+iY sinu)"
as a sum of sines and cosines of multiples of u, in the form

(Z +iX cosu +iY sinu)'=go(X,Y,Z)+g(X,Y,Z)cosu
+8,(X,Y,Z)cos2u + - -+ +g,(X,Y,Z)cosnu
+h{(X,Y,Z)sinu +h,(X,Y,Z)sin2u + - - -

+h,(X,Y,Z)sinnu.
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Now g,,(X,Y,Z) and h,, (X ,Y ,Z) are together characterised by the fact that
the highest power of Z contained in them is Z" ™ ; moreover g,, (X,Y,Z) is
an even function of Y, whereas k,,(X,Y,Z) is an odd function of Y; and
hence the (2n +1) quantities

go(X,Y,Z),g(X,Y,Z), ..., h(X,Y,Z)

are linearly independent of each other; and they are clearly homogeneous
polynomials of degree n in X,Y,Z; and each of them satisfies Laplace’s
equation, since the quantity (Z+iX cosu+iY sinu)” does so. They may
therefore be taken as the (2n+1) linearly independent solutions of degree n
of Laplace’s equation.

Now since by Fourier’s Theorem we have the relations

27

gm(X,Y,Z)=Lf(Z+iX cosu+iY sinu )" cosmu du,
i
0

27

hm(X,Y,Z)=Lf(Z+iX cosu+iY sinu )" sinmu du,
i
0

it follows that each of these (2n +1) solutions can be expressed in the form
2w

ff (Z+iX cosu+iY sinu ,u)du
0

and therefore any linear combination of these (2n+1) solutions can be
expressed in this form. That is, the terms of any degree n in the expansion
of V can be expressed in this form; and therefore V itself can be expressed in
the form

2w
fF(Z +iX cosu+iY sinu ,u)du
0
or
2w
fF (z +ix cosu +iy sinu—z y—ixgcosu—iy gsinu ,u )du,
0
or
2w

ff (z +ix cosu+iy sinu ,u)du,
0

since the zy+ixycosu +iy sinu can be absorbed into the second argument u.

Now V was taken to be any solution of Laplace’s equation, with no
restriction beyond the assumption that some branch of it was at some
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point a regular function — an assumption which is always tacitly made in the
solution of differential equations; and thus we have the result, that the
general solution of Laplace’s equation

is
27

V=ff(z+ix cosu +iy sinu,u)du,
0

where f is an arbitrary function of the two arguments
z +ix cosu +iysinu and u.

Moreover, it is clear from the proof that no generality is lost by supposing
that f is a periodic function of u.
This Theorem is the three-dimensional analogue of the theorem that the
general solution of the equation
2 2

ﬂ + ﬂ = O

ax> ayz
1s

V=f(x+iy)+g(x-iy).

§ 3.

Deductions from the Theorem of § 2; Particular Solutions;
Expansions of the General Solution.

1°. Interpretation of the solution. We may give to the general solution just
obtained a concrete interpretation, as follows.

Since a definite integral can be regarded as the limit of a sum, we can
regard V as the sum of an infinite number of terms, each of the type

V,.=f,(z +ix cosu,+iy sinu,)

each term corresponding to some value of u,.
But this term is a solution of the equation

v, 9,
+ =0,
0X?  0z?

where
X,= xcosu, +ysinu,
Y,= —xsinu, +y cosu,
Z,=z,

so that (X, Y, Z,) represent coordinates derived from (x,y,z) by a rotation
of the axes through and angle u, round the axis of z.
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Thus we see that the general solution of Laplace’s equation can be regarded
as the sum of an infinite number of elementary constituents V,, each
constituent being the solution of an equation

v, 9,
+ =0,
0X?  0z?

and the axes (X, Y, Z,) being derived from the axes (x,y,z) by a simple
rotation round the axis of z.
2°. The particular solutions in terms of Legendre functions. 1t is interesting
to see how the well-known particular solutions of Laplace’s equation in terms
of Legendre functions can be obtained as a case of the solution given in § 2.
The particular solutions in question are of the form

r" Pl"(cos 8)cosmd and r" P]'(cos 0)sinm
(n=012---,%m=012 ---,n),
where (r,0,0) are the polar coordinates corresponding to the rectangular
coordinates (x,y,z ), and where
(=1)"sin™ 0 d" " (sin>"9)
2"n! d(cos 8)*+m

Now the function P,"*(cos 0) can be expressed by the integral

P/ (cos 0) =

27
P/ (cos 0)= (n+m )(n +m;1) o (n4]) (—1)m/zf(cos 0+ sin 0 cos )" cosm Y d s,
0
and thus we have
27
r" P"(cos B)cos m¢ = (n+m )(n +m;1) o (n4]) (—1)m/2f(z +i'V (x2+y?)cos ¥)"
0
cos mcosm bd i
27
_(ntm)(n +m2;1) - (n+l) (—1)m/zf(z +i VxZ+yZcos 1) cos m (Y—b)d b
0
27

_(ntm)(n +m2—1) - (n4) (—1)m/zf(z +ix cosu +iy sinu )" cos mu du.
n
0

We see therefore that the solution r" P]'(cos 0)cosmd is a numerical

multiple of
2w

f(z +ix cosu +iy sinu )" cosmu du.
0



On the differential equations of physics. 339

Similarly the solution r" P;"*(cos 0)sinm ¢ is a numerical multiple of
2mw

f(z +ix cosu +iy sinu)” sinmu du.
0

From this it is clear that in order to express any solution
2w

ff(z +ix cosu +iy sinu,u)du

of Laplace’s equation, as a series of harmonic terms of the form
r" Pl"(cos 8)cosmd and r" P]'(cos 0)sinm &,

it is only necessary to expand the function f as a Taylor series with respect to
the first argument z +ix cosu +iy sinu, and as a Fourier series with respect to
the second argument u.
As an example of this procedure, we shall suppose it required to find the
potential of a prolate spheroid in the form
2w

ff(z+ix cosu +iy sinu,u)du,

and to expand this potential as a series of harmonics. Let

x2+ 2 ZZ
___gL_+_E_= 0
a C

be the equation of the surface of the spheroid; and suppose that it is a
homogeneous attracting body of mass M. To find its potential, we can make
use of the theorem that the potential at external points is the same as that of

a rod joining the foci, of line-density ﬂ‘t(%l that is, it is

Vea?
fdu f (c?-a?-{)d ¢
81T(C 612)3‘/2 Nag? z—{+ix cosu +iy sinu

or

)%f{(c —a Bz)logBJr\/i +2Ve’-a B}

where B is written for z +ix cosu +iy sinu.

8m(c—-a

Expanding the integrand in ascending powers of %, we have the potential

in the form
27

2_2 2_,2\2
3M 1 p_c=a” | (cPma?)” du.
2ne \1-3-B 3.5-B% 5.7-B°
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Since
2w
1 du _ Pn (COS 9)
27 5 Bn+1 rn+1

b

this gives the required expansion of the potential of the spheroid in Legendre
functions, namely the series

2 2 2 N2

c—a“)P,(cos 0 c—a“)*P,(cos O

3M{ 1, (Pa?)Py(cost)  (cP=a’)Py( >+...},
1-3r 3-5-73 5.7.45

This result may be extended to the case of the potential of an ellipsoid with
three unequal axes, by using a formula for the potential of an ellipsoid given
by Laguerre*)

3°.  The particular solutions of Laplace’s equation which involve Bessel
functions. We shall next shew how the well-known particular solutions of
Laplace’s equation in terms of Bessel functions can be obtained as a case of
the general solution. The particular solutions in question are of the form

e¥?J (kp)cosmd and e*J, (kp)sinmo,

where k and m are constants, and z, p, ¢ are the cylindrical co-ordinates
corresponding to the rectangular co-ordinates x,y ,z, so that

x =pcosd, y =psind.
Now if in the solution
e*? . (kp)cosmd

we replace J,, (k p) by its value

o (kp)=%fcos (m06-kpsin6)do,
0

we find after a few simple transformations that
2w

_1\ym/72 . o
ek ], (kp)cosm o = i—;Lfek(”’x cosu+iy sinu) cog my du.
n
0

The other solutions which involve sinm ¢, can be similarly expressed: we see
therefore that the solutions

e¥?J (kp)cosmd and e*J, (kp)sinmo,

*) C. R., 1878.
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are numerical multiples of
2w

fek(z +ix cosu +iy smu)COS mu du.

0
and

2mw
fek(z +ix cosu +iy sinu)sirl mu du.
0
respectively. Tt follows from this that in order to express any solution

27

ff(z +ix cosu +iy sinu,u)du
0

of Laplace’s equation as a sum of terms of the form
e¥?J (kp)cosmd and e*J, (kp)sinmo,

it is only necessary to expand the function f in terms of the exponentials of its
first argument z +ix cosu +iy sinu, and as a Fourier series with respect to its
second argument u.

As an example of the use which may be made of these results, we shall
suppose it required to express the potential-function

V = 1+e?Jy(p) +e 22T y(2p) +e 7T y(3p) + - - -

(where z is supposed positive) as a series of harmonic terms of the type
involving Legendre functions: and also to find a distribution of attracting
matter of which this in the potential. This can be done in the following way.
We have

V = 1+e?Jy(p) +e 22T y(2p) +e 7T y(3p) + - - -

2w
_ 21 f{l_l_e—z—ix cosu—iy sinu +e—2(z+ix cosu +iy sinu)_|_ -+ Ydu
n
0
2w
1 du

) 2T 1_e—(z +ix cosu+iy sinu)
0
But if ¢ be any variable different from zero, and such that 171 <2m, we have

3 5
1 =_l+l_BlL+BZt__B3t_+ S
1-e! t 2 2! 4! 6!
where Bq,B,, are Bernoulli’s numbers. Therefore, so long as z is positive
and |z tixcosu +iysinul <2mw 1i.e, so long as z is positive and

x2+y2+22<4n? we have
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27

1 1 1,81, . o
V = - ———+—-+—(z+ixcosu +iysinu)+ - - - (du
2w o \z tixcosu tiysinu 2 2!
or
B B B
V= %+%—Z—;rPl(cose)—T!Zr3P2(cose)+6—!3r5P5(cose)+ cee

and this is the required expansion of V as a series of harmonics involving
Legendre functions.

Next, since
L =1+1+E L, 1
1—e 2 2z — z+2niw  z-2niw
we have
2w
velfaulti———L S 1
2170 2  z+ix cosu+tiy sinu ~ z +ix cosu +iy sinu +2niw
4 1
z +ix cosu+iy sinu=2niw ) |
or

1 1 S 1 !
V==+4 + + ’
2 VaxZ4yZiz? ; { Vx2+y24(z+2nim)?  VxZy?+(z2nim)? }

and therefore V can be regarded as the potential due to a set of attracting
masses placed at equal imaginary intervals 2i w along the axis of z.

§ 4.
2 2 2 2
The differential equation -2 + &Y 9V _ 29V
ax> ayz dz2 at?
We shall next consider the general differential equation of wave-motions,
2 2 2 2
aV+ aV+ 6V=k26V,
ax> ayz dz2 at?

where k is a constant.
Writing kt for ¢, this becomes
i A A A i 4
+ + = ,
ax> ayz dz2 at?
which we shall take for the present as the standard form of the equation.
In order to find the general solution of this equation, we follow a
procedure analogous to that of § 2. Let V(x,y,z,t) be any solution (single-
valued or many-valued) of the equation; and let (x,y, 2, %) be a
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place at which some branch of the function V is regular. Then if we write
x=x9+X,y=yg+Y,z=2z¢0+tZ,t=ty+ T, it will be possible to
expand this branch of the function V as a power-series of the form
V =ag+a;X +b,Y +c1Z +d T +a,X>+b,Y2+¢c,Z2+d,T? + e, XY
+foXZ +goXT +hoYZ + ko YT +1,ZT +az X3+ - - -,

which will be absolutely and uniformly convergent for a certain finite domain
of values of X,Y,Z,T. Substituting this expansion in the differential
equation, which may be written

PV PV PV WV

+ + = ,

9X?  aY?  9z? 9T?
and equating to zero the coefficients of various powers of X,Y and Z, we
obtain an infinite number of linear relations, namely

an + b2 + C2=d2’ etc.,
between the constants in the expansion. There are %(n -1)n (n+1) of these

relations between the %(n +1) (n +2) (n +3) coefficients of terms of any degree

n in the expansion of V; so that only
A41) (142) (143)= (1= (n+1))
or
(n+1)?

of the coefficients of terms of degree n in the expansion of V are really
independent. It follows that the terms of degree n in V must be a linear
combination of (n +1)? linearly independent particular solutions of degree  in
X,Y,Z,T.

To find these solutions, consider the expansion of the quantity

(X sinu cosv+Y sinusinv+Z cosu+T)".

If we first take the expansion in the form

gotgicosv +gocos2yv + - -+ +g, cosnv,
thysiny +hysin2v + - -+ +h, sinny,
we have seen in § 2 that gg,g8¢, " ,8,,h1, - ,h,, are linearly

independent functions of X,Y,Z, and T. Moreover, g, and h,, are of the
form sin” u Xa polynomial of degree (n—m) in cosu, and therefore each of
them contains (n—m +1) independent polynomials in X,Y,Z,T. Thus the
total number of independent polynomials in X,Y ,Z,T, in the expansion of

(X sinu cosv+Y sinusinv+Z cosu+T)"
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in sines and cosines of multiples of u and v, is

(n+)+2n +2(n-1)+2(n-2)+ - - - +2
or
(n+1)2
Now each of these polynomials must satisfy the equation
PV P’V | 'V _ 3V
+ + = ,
ax> ayz dz2 at?

since the quantity
(X sinu cosv+Y sinusinv+Z cosu+T)"

does so: and therefore they may be taken as the (n +1)? linearly independent
solutions of the equation
PV P’V | 'V _ 3V
+ + = ,
ax> ayz dz2 at?
which are homogeneous of degree n in X,Y,Z,T. Now by Fourier’s

theorem we have
27

1 . L
&m =—f(X sinu cosv+Y sinu sinv+Z cosu+T)" cosmv dv;
i
0

and since g, is of the form

n-—-m

E u, sin” u cos” u,
r=0

where u, is one of the polynomials in question, it is clear that g, can be
expressed as a sum of sines or cosines of multiples of u, according as m is
even or odd; and the coefficient of one of these sines or cosines, say of
coSsu , 1

w
Afgm cossu du.
™%

It follows that each of the polynomials u, can be expressed in the form

fgmf(u)du,
0

where f (u) denotes some periodic function of u; that is, it can be expressed
in the form

27 w

ff(Xsinu cosv +Ysinusinv +Z cosu +T)"f (u)cosmv du dv.
0 0
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It follows from this that each of the (n+1)? polynomial solution of degree n
can be expressed in the form

2m W
ff(Xsinu cosv+Y sinusinv+Z cosu+T)" f(u,v)du dv,
0 0

where f (u,v) denotes some periodic function of u and v; and therefore the
terms of degree n in V can be expressed in this form.
The function V itself can therefore be expressed in the form

27 w

fff(Xsinu cosv+Y sinu sinv+Z cosu+T ,u,v)du dv,
00

where f denotes some function of the three arguments
Xsinucosv+Y sinusinv+Z cosu+7T, u, and v;

and f may without loss of generality be supposed to be periodic in u and v.
Now

Xsinucosv+Ysinusinv+Zcosu+T
= (x sinu cosv +ysinusinv +z cosu +t)

— (xgsinu cosv +ygsinu sinv +zgcosu +tg);
and the termo
(xgsinu cosv +yqgsinu sinv +zgcosu +t)

can be absorbed into the arguments u and v; moreover V was taken to be any
solution of the partial differential equation; we have, therefore, on writing é

for ¢, the result that the general solution of the partial differential equation of
wave-motions,

2 2 2 2

6V+ aI;Jr 61;=k2612/,

ax> dy 0z ot

1S
27 w

. . . t
V = fff(x sinu cosv+y sinu siny +z cosu+;,u,v)du dv,
0 0

where f is an arbitrary function of the three arguments

. . . ¢
Xsmucosv tysmusmy +zcosu+—,u and v.

k
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§5.
Deductions from the general solution of § 4.

1°. The analysis of wave-motions. We shall now deduce from the general
solution thus obtained a result relating the analysis of those phenomena
which are represented by solutions of the equation
2 2 2 2
a‘;+ a‘;+ aI;=k2612/.
ox dy 0z ot
If we revert to the fundamental idea of the definite integral as the limit of a
sum of an infinite number of terms, we see that the general solution

27 w

. . . t
V = fff(xsmu cosv +ysinusinv +z cosu+;,u,v)du dv,
0 0

can be interpreted as meaning that V is the sum of an infinite number of
terms of the type

. . . t
f(xsinucosv +ysinusiny +zcosu +—,u,v),

k

there being one of these terms corresponding to every direction in space
given by the direction-cosines

sinu cosv, sinu siny, COSu.

The solution V can therefore be regarded as the sum of constituent solutions,
each of the type

. . . t
F(xsinucosv +ysinusiny +z cosu +—)

k

where the function F varies from one direction (z,v) to another.
Now let us fix our attention on one of these constituent solutions F. If for
some range of values of the quantity

. . . ¢
Xsmucosy +ysmusmy +z cosu +;,

the function F is finite and continuous, we can for this range of values
express F by Fourier’s integral formula in the form

© b

ifd)\fF(oc)cos{)\(x sinu cosv +y sinu sinv +z cosu +é)—)\a}d)\doc,
i
0 a

where a and b are the terminals of this range of values; or supposing the
integration with respect to a to be performed,

fg()\)s‘igs{)\(x sinu cosv +ysinusiny +z cosu + é)}d)\,
0

where g (\) denotes some function of .
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Now let us again revert to the idea of the definite integral as the limit of a
sum. Then this latter integral can be regarded as the sum of an infinite
number of terms of the type

GO {N(x sinucosv +ysinu siny +z cosu + é)},
each term being multiplied by some factor depending on A.

The solution V can therefore be regarded as constituted by the
superpostion of terms of this last type. But a term of this type represents a
simple uniform plane wave; for on transforming the axes so that the new axis
of x is the line whose direction-cosines are

sinu cosv, sinu siny, cosu,

the term becomes

¢
sin. Mx + ),
which represents a simple plane wave whose direction of propagation is the
new axis of x. We see therfore that the general finite solution of the
differential equation of wave-motions,
2 2 2 2
e el G
ox dy 0z ot

can be analysed into simple plane waves, represented by terms of the type

F(\u,v)S¥N(xsinucosv +y sinu sinv +z cosu + é)}.

It is interesting to observe that Dr. Johnstone Stoney in 1897*) shewed by
physical reasoning, and without any reference to the equation
2 2 2 2
6V+ 6V+ 6V=k26V.
ax> ayz dz2 at?

that all the disturbance of the luminiferous ether arising from sources of
certain kinds can be resolved into trains of plane waves.
2°. Solution of the equation
2 2 2
a‘;+ a‘;+ aZ+V=O.
ox dy 0z
If a solution W of the equation
PW PW W W
2 Vo2t T T
ox dy 0z ot
be of the form Veit, where V is a function of x,y,z only, which does not
involve ¢, then V clearly satisfies the equation
2 2 2
a‘;+ a‘;+ aZ+V=O,
ox dy 0z

*) Philosoph. Magazine, (V) XLIII.
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and therefore, on reference to the general solution of the wave-motion
equation found in § 4, we see that the general solution of the equation

2 2 2

a‘;+ a‘;+ aZ+V=O

ox ay 0z

1S
27 w

V = ffei(x sinu cosv +y sinu sinv +z cosu)f(u v)du dv
R .
00

3°. Deduction of the known particular solutions of the equation

2 2 2
oV a‘;+ aZ+V=O.
ax> dy 0z
It is known that particular solutions of the equation
2 2 2
oV a‘;+ aZ+V=O
ax> dy 0z

exist, which are of the form

1
V=r 2JnJrl(r)P,:”(cos 0)iom b
2
(n=0,1,2,--;m=0,1,2, - ,n),

where r,0,¢ are the polar coordinates corresponding to x,y,z. We shall now
shew how these may be derived from the general solution of the equation
which has just been found.

For let the general soution be written in the form

27 w

V = ffei(x sinu cosv +y sinu sinv +z cosu)f(u v)sinu du dv
b b
00

where f (u,v) is an arbitrary function of the two arguments u and v, which
may without loss of generality be taken to be periodic in u and v.

Now let the function f (u,v) be expanded in surface-harmonics of u and v,
so that

2m W
V = Effei(x sinu cosv +y sinu sinv +z cosu )y (u,v)sinu du dv
n b
n=00 0
where Y, is a surface-harmonic of order n, i.e., if
£ =psinucosv, m =psinusinv, { =pcosu,
are regarded as the co-ordinates of a point in space, then p"Y, (u,v) is a
homogeneous polynomial of degree n in &,m,{, satisfying Laplace’s equation
2 2 2
oL Py
€ am L

= 0.
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Next, let the variables be changed by the substitution
cosu=cosfcosw+ sinfsinwcosv’,
sinu sin (d—v) =sinwsiny’,
sinu cos (b—v) =sinwsin®—sinwcosv’' cos0,
so that (psinwcosv’,psinwsiny’,pcosw) are the co-ordinates of the point
(§,m,() referred to new axes, the line whose direction-cosines are

(sin 0 cos ¢, sin 8 sin d, cos ) being taken as the new axis of z.
Thus

" 2m W
V = Effeircos‘”Yn(u,v)sinoodoodv’.
n=00 0

But a surface-harmonic of any order n remains a surface-harmonic of order n
under any transformation of axes in which the origin is unchanged: and
therefore Y, (u,v) is a surface harmonic of order n in w and v; and
consequently it can be expanded in the form

A, (8,0)P, (cos w)+A,L(0,0)Pl(cos w)cosv' +A,%08,b)P2(cos w)cos2y’
+: - +A](0,0)P(cos w)cosny’
+B,(0,0)P, (cos w)sinv'+ -+ - + B}/(0,0)P)}(cos w)sinny’,

where A,(0,$), - - - ,B;(08,) are functions of 6 and ¢. Substituting this
value for Y, (u,v) in the integral, and performing the integration with
respect to v’ , we have

™
V = EAn(O,d))fei’COS‘”Pn(cosoo)sinwdw;
n=0 0

and in virtue of the relation™)

m 1 ian_l_l(r)
r COS ® . T\ 2
{e” coS@p (cosw)sinwdw = (?) By

this can be written in the form
V= A () (8,)
0 nty

where f,(0,4) denotes some function of 8 and ¢.

*) A proof of this and several related results will be found in a paper shortly to be
published by the author.
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Since the surface-harmonics Y, (6,4) were independent of each other, the
functions f,(0,$), will be indpendent of each other and therefore each of
the quantities

r_]/zjn_l_l(r)fn (9,(1))
2

will be a solution of the equation

2 2 2
J I; ;9 I; ;9 I; 4

ox dy 0z
But on transforming this equation to polar co-ordinates, and substituting the
expression

V =0.

r_l/z‘, 1 (r)fn (9,(1))
nt—
2
for V, we find that the function f, (8,4) must satisfy the differential equation
for a surface-harmonic in 6 and ¢ of order n. It follows that f,(0,$) can be
expanded in the form

1 1
f,(0,0) =A, P, (cos8)+A cosdP, (cosB)+ - - +A, cosndP(cosB)
+B,lsindP2(cos0) + - - - +BsinndP(cosb),

and thus the particular solutions

r V21 [ (r)PM(cos0)S m b

sin
n+—
2

are obtained.
Moreover, it is clear from the above proof that in order to expand any
solution

27 w

V = ffei(x sinu cosv +y sinu sinv +z cosu)f(u v)sinu du dv
b
00

of the equation

2 2 2
aV+aV+aV+

V=0
ax> ayz dz2

as a series of the form
>y 1 (DY, (0.9),
n=0 "y

where Y, is a surface-harmonic of order n in 0 and &, it is only necessary to

expand the function f (u,v) in surface-harmonics of u and v.
4°. Expression of the solution of the equation

2 2 2
6V+6V+6V+
ax> ayz dz2

as a series of generalised Bessel functions.

V=0
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Another analysis of the solutions of the equation

2 2 2
6V+ 6V+ aV+V=O,
ax> ayz dz2
entirely different from that given in 3°, can be found in the following way.
Consider the expression

e%x(s—%)(w%)—ﬁy(s—%)(t—})+éz(s%);
if this expression be regarded as a function of s and ¢, it can for finite non-
zero values of s and ¢t be expanded as a series of (positive and negative)
integral powers of s and ¢, the coefficients in this series being functions of
x,y and z. Let the coefficient of the term in s™¢" be denoted by
Im n (x,y,z): so that we have the relation

co co

1 1., 1. i 1y, 1. 3 1
eZx(s—?)(t+7)—zy(S—?)(t—7)+EZ(S‘F?) J (x y Z)smtn
E E, m,p\»V o) )

m=—0o0 p=—00

This equation can be regarded as a generalisation of the equation
1 1
5z (t->)
e? t =E]n(z)t”,

which defines the ordinary Bessel functions; and we shall consequently call
the functions J,, , (x,y,z) generalised Bessel functions.

We now proceed to establish some properties of the functions
Im n(x,y,2); it will be seen that they are very similar to those of the
ordinary Bessel functions.

In the first place, since the expression

[ AT 6 )

satisfies the equation

2 2 2
aV+ a‘;+ aZ+V=O,
ax> dy 0z
it follows that each of the functions J,,, , (x .y ,z) satisfies the equation
2 2 2
aV+ a‘;+ aZ+V=O.
ax> dy 0z
In the second place, we shall obtain an expression for J, ,(x,y,z) as a
definite integral. By Laurent’s theorem, we know that the coefficient of s™
in the expansion of

LG (s & e IO (RSO
e

1S
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S

-1, —x(s )(t+ )——Y(S——)(t——)+ Z(S+ )
2mi fS T d

where C is any simple contour in the s-plane surrounding the origin; and
again applying Laurent’s theorem, the coefficient of " in this expression is
seen to be

—x(S —)(tJr )——)’(S——)(t——) Z(S —)
%ff —m-lyn-lg, 4 S'ds dt,

where D is any simple contour in the ¢-plane surrounding the origin.
Now write s =e™, t=e"? . Thus we have the result

27w 27w

Jm " (x ,y ,Z)=4Lffe—m iu—niv+ix sinu cosv +iy sinu sinv +iz cosu g1 dy ,
’ (
which may be regarded as the analogue of Bessel’s integral
1 :
Jo(z) = —fcos (nu—z sinu) du.
™
0

The functions J,, ,(x,y,z) likewise possess an additiontheorm: for we have

FOE =T =0 D)D)+ Tz )+ )

e
e e G e Gl el
Xe—a(s—%)(H 1 )——b(s—%)(t—%)+ Le(s+ 1 )

and so

E]m,n(x+a,y+b,z+c)smt”

N

E n(x,y,z)s™e" X E n(a,b,c)s™t".
Equating coefficients on both sides of this equation, we have the result

Imn(xta,y+b,z+c) = E E q@&y .2y ng(a.bc),

p =—00 q =—00

which is the addition-theorem for generalised Bessel functions, and is the
analogue of the well-known result

J (z+c) = E 1,z ), _,(c).

p:-OO
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We shall now shew how the generalised Bessel functions furnish an analysis
of the general solution of the equation

2 2 2
6V+6V+6V+V=O.
ax> ayz dz2

For the general solution is, by 2°,

™ 27

V = ffei(x sinu cosv +y sinu sinv +z cosu)f(u v)du dv
b b

where f(u,v) can without loss of generality be taken to be a periodic
function of u and v.

Now let the function f(u,v) be expanded by the extended form of
Fourier’s theorem, in the form

f(u,v)- E E mon€ elmutiny

M =—00© p=—00©

Then we have

™ 27

i(x sinu cosv+y sinu sinv +z cosu +mu +ny)
-3 S mnf f du dv.

M =—00© p=—00©

Comparing this with the form just found for the generalised Bessel functions,
we see that the general solution of the equation

can be written

Ve D Dt pdmn@®y.2),

m=—0o0 p=—00

where the quantities a,, , are arbitrary constants. This furnishes an
alternative analysis of the solution to that given in 2°.
5%, Gravitation and Electrostatic Attraction explained as modes of Wave-
disturbance.
The result of 1°, namely that any solution of the equation
PV | PV 3V 20V
+ + =k
ax> ayz dz2 at?
can be analysed into simple plane waves, throws a new light on the nature of
those forces, such as gravitation and electrostatic attraction, which vary as
the inverse square of the distance. For if a system of forces of this character
be considered, their potential (or their component in any given direction)
satisfies the equation
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2 2 2
0 Z ¢ 9 Z ¢ 9 Z = 0.
ox dy 0z

and therefore a fortiori it satisfies the equation

0’V BV BV 28V

ax> ayz dz2 at?
where k is any constant. It follows from 1° that this potential (or force-
component) can be analysed into simple plane waves in various directions,
each wave being propagated with constant velocity. These waves interfere
with each other in such a way that, when the action has once been set up,
the disturbance at any point does not vary with the time, and depends only
on the coordinates (x,y,z) of the point.

It is not difficult to construct, synthetically, systems of coexistent simple
waves, having the property that the total disturbance at any point (due to the
sum of all the waves) varies from point to point, but does not vary with the
time. A simple example of such a system in the following.

Suppose that a particle is emtting spherical waves, such that the

disturbance at a distance r from the origin, at time ¢, due to those waves
2m

whose wave-length lies between P and
M ptd p

2d p sin (pVi—pr)
T r

, 1s represented by

where V is the velocity of propagation of the waves. Then after the waves
have reached the point r, so that (Vt—r) is positive, the total disturbance at
the point (due to the sum of all the waves) is

co

2d p sin (pVi—pr)

r
o TH

Take wVt—ur =y, where y is a new variable. Then this disturbance is

co

2 Sdey;
e Y
or, since
sin o
B - 3.
0o Y
it is

1

r

The total disturbance at any point, due to this system of waves, is therefore
independent of the time, and is everywhere proportional to the gravitational
potential due to the particle at the point.
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It is clear from the foregoing that the field of force due to a gravitating
body can be analysed, by a “spectrum analysis” as it were, into an infinite
number of constituent fields; and although the whole field of force does not
vary with the time, yet each of the constituent fields is of an undulatory
character, consisting of a simple wave-disturbance propagated with uniform
velocity. This analysis of the field into constituent fields can most easily be

accomplished by analysing the potential 1 of each attracting particle into
r

terms of the type

sin (WVt—pr)
r

as in the example already given. To each of these terms will correspond one
of the constituent fields. In each of these constituent fields the potential will
be constant along each wave-front, and consequently the gravitational force
in each constituent field will be perpendicular to the wave-front, i.e. the
waves will be longitudinal.

But these results assimilate the propagation of gravity to that of light: for
the undulatory phenomena just described, in which the varying vector is a
gravitational force perpendicular to the wave-front, may be compared with
the undulatory phenomena made familiar by the electromagnetic theory of
light, in which the varying vectors consist of electric and magnetic forces
parallel to the wave-front. The waves are in other respects exactly similar,
and it seems probable that an identical property of the medium ensures their
transmission through space.

This undulatory theory of gravity would require that gravity should be
propaged with a finite velocity, which however need not be the same as that
of light, and may be enormously greater.

Of course, this investigation does not explain the cause of gravity; all that
is done is to shew that in order to account for the propagation across space
of forces which vary as the inverse square of the distance, we have only to
suppose that the medium is capable of transmitting, with a definite though
large velocity, simple periodic undulatory disturbances, similar to those
whose propagation by the medium constitutes, according to the
electromagnetic theory, the transmission of light.




